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Gravitational time delay effects on cosmic microwave background anisotropies
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We study the effect of gravitational time delay on the power spectra and bispectra of the cosmic microwave
background(CMB) temperature and polarization anisotropies. The time delay effect modulates the spatial
surface at recombination on which temperature anisotropies are observed, typically bipc. While this is
a relatively large shift, its observable effects in the temperature and polarization fields are suppressed by
geometric considerations. The leading order effect is from its correlation with the closely related gravitational
lensing effect. The change to the temperature-polarization cross power spectrum is of order 0.1% and is hence
comparable to the cosmic variance for the power in the multipoles arbtrid00. While unlikely to be
extracted from the data in its own right, its omission in modeling would produce a systematic error comparable
to this limiting statistical error and, in principle, is relevant for future high precision experiments. Contributions
to the bispectra result mainly from correlations with the Sachs-Wolfe effect and may safely be neglected in a
low density universe.
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[. INTRODUCTION small effects can accumulate along the path. Indeed it is well
known that the gravitational lensing of CMB photons has a
In order that the full potential of anisotropies in the cos-substantial effect on the power spectrum of the anisotropies
mic microwave backgroundCMB) temperature and polar- [11,12.
ization fields be realized, effects that have been previously In addition to the lensing effect, gravitational potentials of
dismissed as negligible in their own right must now be re-large-scale structure contribute a time-deJag| that accu-
considered as potential sources of systematic error. Projecaulates along the path—an effect familiar from studies of
tions as to the ability of CMB experiments to measure fun-the light-curves of lensed quasdesg.[14]). In the case of
damental cosmological quantiti¢d] precisely and reveal the CMB, the time-delay warps trepatial surface at recom-
information about the structure formation process from sechination from which the primary anisotropies ari&d. Be-
ondary effect§2] rely on the fact that statistical errors from cause the lensing depends on the angular gradient of the
the sampling of a finite sky rapidly decrease toward smalleprojected potentials whereas the delay depends on the pro-
angular scales. Statistical errors in the power spectra declijected potential itself, the fractional delay is generically
from ~1% at degree scales t00.1% at the several arc- smaller than lensing and has not been explicitly calculated in
minute scale. To achieve this precision in practice, all physithe literature. We shall see however that because of the an-
cal, astrophysical and instrumental effects at this level musgular smoothnes@®r coherenckof the lensing, the reduction
be included in the analysis to avoid generating systemati;n amplitude is not in and of itself large. Furthermore, gravi-
errors that are comparable to the statistical errors. tational time delays are strongly correlated with lensing,
A host of physical effects contribute to the anisotropies aleading to additional effects in the power spectrum. Indeed,
second order in perturbation theofg—6]. Since primary the typical perturbation in comoving units is on the order of
anisotropies are formed at recombination when the cosmat Mpc. The effect of gravitational time-delay on the spectra
logical density perturbations are at the ®0evel, most sec-  of temperature and polarization anisotropies therefore merits
ond order effects are entirely negligible. There are two genfurther study.
eral ways in which higher order effects can be important. In Sec. Il we present the formalism required to understand
First, the primordial perturbations responsible for the pri-these gravitational effects on the temperature and polariza-
mary anisotropies grow into non-linear structures today bytion fields. We proceed in Secs. lll and IV to evaluate the
gravitational instability. Effects that take advantage of thisdelay and lensing-delay correlation effects on the power
fact mainly involve scattering of CMB photons at low red- spectra of temperature and polarization anisotropies respec-
shifts in large-scale structure and non-linear obj¢éts10.  tively. In Sec. V, we consider their effects on the bispectra
Secondly, since recombination, CMB photons propagatéthree point correlations We conclude in Sec. VI with a
across essentially the whole horizon volume. Intrinsicallydiscussion of our results.
To illustrate our calculations, we assume a cold dark mat-
ter model (CDM) with a cosmological constantA() with
*Email address: whu@ias.edu parameters$).=0.30 for the CDM density(),,= 0.05 for the
"Email address: asante@hyde.uchicago.edu baryon density(), =0.65 for the vacuum densityy=0.65
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an angular perturbation in the mapping of a plane-wave source fielc 10 10 100 1000
at recombination onto anisotropies today. Time delay introduces & /

radial modulation. When the wavevector is perpendicular to the
line-of-sight, features in the angular spectrum—such as the acoustic FIG. 2. Power spectra for the lensing deflection anglgg,
peaks—are created, geometrically distinguishing the otherwiséme-delay @id) and deflection-delay cross correlatiogpd). The
similar lensing and delay effects. underlying lensing potential spectru@f’® and cross spectru@
are weighted by(l +1) and[1(1+1)]¥2 respectively to reflect the
for the dimensionless Hubble constant and a scale inva@ngular gradients in the deflection angles.
iant spectrum of primordial fluctuations, normalized to
COBE[15]. used the Born approximation to evaluate the lensing poten-
tial on the unperturbed path; it has been shown to be an
Il. EORMALISM excellent gpproximatipn fpr lensirid 8. Wg havga also used
a Newtonian approximation where the time-time perturba-
As the CMB photons propagate to the observer from thé¢ion ¥'=—®. It is also an excellent approximation since
recombination epochz(~10%) through large-scale structure anisotropic stresses from the radiation are negligible at the
in the universe, they suffer the effects of gravitational lensindow redshifts involved 19].
and time delay. These effects are both formally second order The projected potential itself is a field on the sky and may
in perturbation theory because they would leave a homogdse decomposed into multipole moments
neous and isotropic CMB unperturbécf. [16]). There are a
host of other second order effe¢3-5]. To the extent that ~ .
they are uncorrelated with each other, they may be viewed as $(n)= % $imYr(n), &)
independent effects. The lensing and time delay effects are
strongly correlated because both arise from the gravitationalng gescribed by its power spectrum
potentials of large scale structure and must be considered
together. We therefore begin with a review of lensing effects. (b b1rm ) =81 Smm CP2. (4)

A. Lensing This power spectrum is shown in Fig. 2. In the Newtonian

Lensing involves a deflection that remaps the temperatur@PProximation its shape simply reflects the underlying den-
and polarization fields according to the angular gradient ofily POWer spectrum tilted a.ccorq;gg to the Poisson and Lim-
the lensing-weighted projected potentiakn+ vV ¢(n) (see €T eguationsP(k)eck™ implies el ™ = with 1~k 7o/2.

Fig. 1 A useful measure of the amplitude of the lensing effects is

the rms deflection anglé? . as defined by

¢<ﬁ>:—2fdng¢(n>d><rﬁ,n), (1) = o141
Orme= 2, ——1(1+1)CP?. (5)
=1 4w
where
, The factorl (1 + 1) reflects the angular gradient in the defini-
9u(m)= }f ”d ,-Teffr - @ tion of the deflection. Note that tHe=0 monopole does not
ST 0 K v contribute since its angular gradient vanishes. In the fiducial

ACDM model ,,=7.5x10"* or 2.6 . Note that this is in
Here overdots represent derivatives with respect to conforsharp contrast with the angulaoherenceof the deflection
mal time »=[dt/a, ®(X,7) is the Newtonian gravitational angle. The varianc#?, . reaches half its total value byfj
potential ancc=1 throughout. In an open universe, the con-=30 in the fiducial model or an angle dffy=2/1")
formal distance traveled by a photofw) = 7,— 7 should be  ~0.2 (10°). The smaller scale potential fluctuations tend to

replaced by angular diameter distances. We have implicitlyproduce deflections that cancel out along the line of sight.
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B. Time delay C. Temperature field

Now consider the time-delay effect. Photons follow null  The CMB temperature field on the sky may be written
geodesics in the perturbed metric so that in the fixed timémplicitly as the projection of sourceSwhich contribute in
interval since last scattering, the distance traveled by théhe optically thin regime and are so weightedddy wherer
photons is perturbed as—r[1+d(n)] (see Fig. 1where is the optical depth(see Fig. 1 In general, these sources
have intrinsic angular structure of their own and are charac-
terized by the spherical harmonic moments of their Fourier

.2 .
d(n)=— %f dne "®(rn,n). 6) amplitudeS (k). Explicit forms for the sources are given in

. . . ) _[17].
ThIS is referred to in the I_|ter_ature as th_e potential or Shapir0  The contribution from a given wavenumbeto the tem-
time delay. The geometric time delay is of order the defleCy o a¢re field on the sky today may be formally expressed as
tion angle squared and is hence substantially smaller for
time-delays across angular scales much larger than - 70 B ! A
The delay field may also be expanded in spherical har- O(nk)= Jo dne T%_ S|r?'(77§k)G|T'(m;k), (12)
monics o

wherer = ny— 7,

d(n)=2 din¥1'(), (@) i
G{“(x;k)z(—i)'\/mYF‘(n)exmkx). (13

and characterized by a power spectrum
In an open universe, the plane waves must be replaced with
(di i) =81 1 S CF. (8)  eigenfunctions of the Laplacian in a curved space. Note that
we will often omit thek-index where no confusion will arise.
Although both the lensing and time-delay effects are based The angular structure of these relations can be simplified

on the gravitational potential projected along the line ofpy considering a specific frame whezigk and
sight, and hence trace the underlying density power spec-

trum, there is an important difference between the two. Lens- ) ) . N
ing depends on the angular gradient of the potential and explik-x)=2 (=)' Vam(2l+D)ji(kn)YP(n). (14
hence its observable consequences are weighted (by
+1). This has the effect of increasing the magnitude of theProvided that the angular basis does not change in transit,
effects and weighting it to higher multipoles. one can then sum up the orbital angular momentum from the
We can see these effects in the rms déRg] plane wave with the intrinsic angular momentum of the
source. This assumption is the angular equivalent of the
5 Zo21+1 dd “Born approximation” where the lensing is evaluated on
drms=I=l ?Q : C) unperturbed trajectories; we shall see in the next section that
it is a good approximation for the lensing and time-delay

For the power spectrum of the fiducial cold dark matter€ffects on sources with low order intrinsic angular structure.

model with a cosmological constan CDM) (see Fig. 2 In this special basis, the product of the intrins\qT() and
drme=5.4X10"° or ~0.5h~* Mpc. Although this is a rela- plane wave ¥°) angular momentum may be reexpressed

tively large shift, we shall see that its observable consethrough the addition of angular momentum. The temperature

quences are reduced due to the large coherence scale of #i@d then becomefl7]
delay, | $8=2.

Given these considerations as to the magnitude and coher- AN moas S auma
ence scale of the effects, delay effects can be enhanced @(n,k)—% Om(k)Y) (n)_lzmi b [1i1Y(0). - (15)
through their cross-correlation with lensing

Here, the operator

(i )= 81,10 O . (10
Inli= | “dpeVam@+1)x S, S"(7:k)j M (kr)
The two fields tend to be well correlated as can be seen by mlLii]= 0 ne 7( - Si (k) J, k),
the rms ' (16)
Zo20+1 andjIimi are linear combinations gf with weights given by
2 _ T ced |
Crms ;1 4o I+ DCF (19) the Clebsch-Gordon coefficients of the coupling. The funda-

mental functions arq'3|°°=j| (for isotropic perturbations, e.g.,
where c,ms=1.2x10"* andI§/3°=5 in the fiducialACDM  gravitational potentiajsand
(see Fig. 2 To evaluate the observable consequences, we

now turn to the angular and spatial structure of the tempera- j22= [BU+2)! 1 -2t +jl+jl+2 (17)
ture and polarization fields. ! 8(—=2)21+1|(21-1) (21+3)
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(for transverse quadrupole sources, e.g. gravitationalwaves ¢ = "~ T " " T T T T T T T T T T T
Note j 2%« j,(x)/x?; we have written it out here to emphasize —— lensing: (21+1)j; peak 7
linearity. Others are given ifL7], but can be written in terms [ ————— delay: (21+1)j; |
of these fundamental functions through integration by parts 1
[24].

Since the basis for the expansion is linked to the direction
of k, integrating over modes to obtain the final power spec-
trum in principle requires a series of rotations into a fixed
basis. In practice, the statistical homogeneity of the source
and isotropy of the angular distribution requires that the
k-modes add in quadrature and the angular power spectrur
is independent o so that we may replace individual mul-
tipoles with an average oven

dk k¥ 1
00 _ 20 40 60 80 100 120
C 22 2771 2 (Om(0Om(k). (19 z

For the primary anisotropies, the power spectrum is simply FIG. 3. Projection functions for the lensing and delay effects.
COO T, where Lensing involvesj,(kr) whose strong peak ihcan retain source
features; thg/ (kr) of the time-delay cannot. The product of these

dk k3 (kng)2™® functions reflects the cross correlation and is suppressed due to the

PP= K o2 2151 %: Iy [J(a)]|m[l|(b)] (19 phase difference.
Here we have used the short hand convention jtﬁé‘ﬁj, ' in Eq. (19). These power spectra are easily evaluated with
Sy S . . oo .. minimal modifications to the publically availablemsrAST
ji~’=j, andj;*’=j} with primes denoting derivatives with ) . T T
respect to the argument code: we simply replacg, with j| andj and leave the

For the higher order lensing and delay effects, we eXpangvolutlon and integration over the sources unchanged. To the
Eq. (15) for the temperature field to second order in theextent that the underlying sources themselves are smooth,

relevant quantities integration by parts on Eq19) shows thatT(@=D+D~
—Ta, e.g.TH~—T?= -T2, This also implies that terms
@ (M) =0°%n)+O%n)+O%n) such asT?'=T{ are suppressed; mathematically this is due

L . to the lack of correlation betweejy and j| (see Fig. 3.
S @b d N L T @d? o These spectra are compared in Fig. 4.
+2® (M +8% () + 2 0% ), 20 There is an additional effect from lensing due to the fact
A that sources are in general anisotropic and gravitational lens-
where®°(n) is the zeroth order contribution from the pri- ing changes the angle at which they are viewed. This for-
mary anisotropies, mally violates the angular “Born approximation” that the
orbital and intrinsic angular momentum of sources can sim-

02 => In[i] Vig(n) V'Y(n), S —

//\‘/\/\/\
10'45— ’
O%m) =2, In[i{1 (ko) d(m) Y(n), g
| () Koo
N
0¥ (M) =X Inf1] Vig(h) V¢ VYY), =00 f , cross |
R Sy Nhhll 5
A . - + \ I i 1
0% ()= 1n[J{] (ko) d(F) 107 S \\/ ﬂ" ‘,“‘,h
N E W “uu
X Vip(n) ViY(n), 1o-s L \ﬂ T A IIII 1
10 100 1000

[/
d2 ny i 24(n S ORVALL

o% %:, 'm17] (Kio)=d(n) d(m) ¥, (). FIG. 4. Power spectra for the angufatl +1)T], radial (T}

and angular-radial cross gradier{tsl(l+l)T|°1] of the primary

We shall see that the evaluation of these effects reduces tmisotropies. The cross gradient spectrum has been weighted to re-

the computation of the higher order derivative power spectrdlect thel contributions from the angular gradient.
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ply be added without additional remapping. The anisotropy ab._ f dk k3 (kng)2*™P

in the actual sources, however, are confinet<@. To ob- B = w22 211 > P [E(a)]P Le 07,
tain an order unity effect, the deflections must change the m

viewing angle by order unity in radians. To obtain an order dk k® (Kzpg)2+P

unity effect for lensing, the deflections need change the pgab— 70 > P* [’3 a)]pm[ﬁl(b)],
viewing direction by only a wavelength of the angular per- k 27% 20+1 m; '
turbation| ~1. Thus at sufficiently high observed deflec- (27

tions always win.
Yy dk k3 ( )a+b

XpP=| — X[ @P L[ e
D. Polarization field k 27® 21+1 % [JI IPmlel™]

The complex Stokes paramefer =Q=iU of the polar-  Other combinations vanish due to parity considerations. As
ization on the sky can be expressed implicitly as the projecin Eq. (19) the indicesa and b refer to derivatives of the
tion of the quadrupole moments of the photon temperaturgnderlying Bessel functions. The higher order gravitational
and polarization distributions at last scattering effects on the polarization field may be evaluated through a
second order expansion of the polarization field

P..(n;k)= fo’mdne—fg QM(7;K) +,GRY(rAiK),

P.(n)=P%(n)+P%(n)+PL(n)
(22)

1 2 ~ ~ 1 2 A
. " p¢ ¢d ~ pd
where QM= — 7(\/60,,,— 6E,,)/10 (see[17], for an ex- 5P (MAPE(M+SPL(n), (28
plicit definition) and

where Pg(ﬁ) is the zeroth order contribution from the pri-
4 . : :
LGT(xK) = (—1)! \/Zl—Ling‘(n)exmk-x). (23 ~ Mary anisotropies,

PL(N)=2, Pl -an] Vig(n) V'Y (n),

Here, ..,Y|" are the spin-2 spherical harmoni&l]. A re-
coupling of the spin spherical harmonics as in Bef) yields

) _ PL(M =2 Pl a1 (kno) d(n) -oY(R),
Pim;k):% [Ejm(K) =iBm(K)] +2Y(N) Im;

2Ny = N
=3 Pl el Y, (24) PL(N)= 2, Pul=n] Vid(N) V;(7)
where the operator XVIVILLY (), (29
P ai]= fo’“d e Am(21+1) PLYM) =2 Pm[ af] (kno) d()

N XVip(n) V' .,Y(n).
XZ QM(7:k) )" (Kr). (25)

2 A A ~ PN
. - PL(N=2 Pnl -af](kyo)?d(n) d(n) .Y ().
Here, . @ '=¢€ '=iB," where the latter are combinations of Im;
ji given in[17] (their Eqgs.[17-18) that define the projec-
tion of the source onto thE andB polarization modes. For
qguadrupole sources related to density;€0) fluctuations,

0_;22 0_ i- + — .
e =] [see Eq(17)] and B, =0 so that there are no contri ture power spectr&(®* V=D~ _E2P angd similarly forB

butions toB-parity polarization. ; fo 1_ =10
The power spectra for the polarization and temperature‘r—’md X. This also implies that terms such &'=E[" are

The evaluation of the effects will involve the higher order
derivative power spectra of Eq27). Again we modify
CMBFAST to calculate these spectra. Just as for the tempera-

polarization cross correlation are defined as suppressed.
- dk k3 1 lll. TEMPERATURE POWER SPECTRUM
=z et & (Fn(OFn(k). (29 _
2m? The perturbations to the power spectrum due to the lens-

ing and time-delay effects follow by considering the second
where F and F’ take on the value®, E and B. For the  order terms in the two-point correlation of the temperature
primary polarization, we defineCFF=E®, CP®=B/, field in Eq.(20). We can express the contributions schemati-
C|®E=XOO' where cally as
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Q@ 2 2 B e N A T T =
CPO=TO4 TP+ T +(TH+TH) + T, (30 - ‘ ‘ fv\'ﬂ
10-10 = e - 2\ -
We will now define and consider each term in turn. £ primary
10" = A
E RN
A. Lensing spectra &10712 L s ’\,’\,’v‘v ‘{"f”” }
E o T
The pure lensing contributions can be defined as 0‘10_13 C T ’,’ | !
= g //’/ y s
bo dk k¥ 1 2 ¢ L1o-u [ lensing -
! Kk 272 21+1% (O] = g 7 CI“OSS\ 3
10*15 ?///
h
T¢2 Jdk k3 1 2 1(<®0*®¢2>+ ) 10716 o delay MM H “v
=| —-—-—>2. = c.c). =
! k 277 2|+1m 2 m m 10717_| 1 \\\\\I‘ I/II\\H‘\I I II\\I\l |f\AJV
(31 100 1000

l
Following Ref.[22], we expand the perturbations to the
temperature field from Eq21) and the projected potentig
in spherical harmonics to obtain

FIG. 5. Delay, lensing and delay-lensifgyoss perturbations to
the CMB temperature power spectrum for the fiduceaCDM
model. The cross spectrum dominates the delay spectrum but both
produce negligible changes to the primary anisotropies unlike

_ 00z /2 2 lensing.
bed)—; Clﬁ(le;\Nullz'—nllz, "9

and their evaluation follows closely that of lensing except for

) 1 the simplification that no derivatives of spherical harmonics
TP =— 50'2”‘ (1+1)T%, (32 are involved. The result is
where Tdd= ; claTiwg
1'2
(2|1+1)(2|2+1) ER P 2
Wi, = \/ (O o o) T =d2 T, (35
L where we have used the identity
L||1|2=§[|1(|1+1)+|2(|2+1)_|(|+1)] 2|1+l

My* \yMy _
(33 ;1 Y'l Y'l 4 (36

TheWHl,2 term comes from the integral over the product of tg evaluate
three spherical harmonics; thg, |, term comes from the
conversion of angular gradients into angular Laplacians DMk \/Mpk \ My My 20,+1
_ : _ > | dayeyry My L1,0mm,- (37)
through integration by parts. On scales where there is power my 1 4 2 2
in the primary power spectrum, the two terms in Eg2)
nearly cancel. The reason is that the large-angle modulatiohhe main difference between the lensing and time delay con-
produced by lensing simply smoothes the features in th#&ibutions is that the power spectra of the angular gradients
power spectrum acrossl ~|'*3~30[11]. The result of com-  of the projected potentid( + 1)C{* and primary tempera-
bining the two terms in the fiduciaA CDM model is dis- ture anisotropie$(| +1)T°° are replaced by the power spec-
played in Fig. 5. tra of the dela)Cf’d and that of theadial derivatives of the
temperature field '~ — T2,

B. Delay spectra As in the case of lensing, the time-delay effect represents

a smoothing of the gradient power spectrcrrﬁ across a

The time-delay modifications to the power spectra can bWldth of Al — lcljfz,aywz. The effect is strongly suppressed by

f i
defined as the small width of the smoothing and the nearly featureless
g [dk K& 1 underlying spectruri* (see Fig. 4 Contrast this with lens-
=) K 2422 +12 (O , ing which has a smoothing width dfl ~30 and an angular

gradient power spectrum that shows peaks from the acoustic

3 oscillations. Acoustic features in the power spectrum arise

dzzf ﬂ( k_ 1 2 }(<®o*®d2>+c c) from features in the source power spectrum when the source
') k2@t 2141 2 Im/= =l wavevector is oriented perpendicular to the line of sight. The
(34 source then projects with a one-to-one correspondence be-
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tween angular and physical scale=(kr see Fig. 1 Other A. Lensing spectra
alignments contribute to a broad tail to lower multipole mo- Following [22], the lensing contributions to the polariza-
ments(see Fig. 3. In the perpendicular orientation, however, power spectra can be evaluated as
a perturbation to the radial distance simply moves the last
scattering surfacalongthe crests and troughs of the source
leaving no net effect. Mathematically, this effect can be seen Efﬁd’:; ClP SR+ 1+ 1)V L,
in the fact thatj,(kr) as a function ofl possesses a strong ve
peak atl =kr, whereag (kr) does not(see Fig. 3. X 1
The net effect is therefore much smaller than the naive Ef =— Eafms(lz+l—4)E°°, (42)
scaling of the lensing rm&) and delay rmg9) would imply.
It is shown in Fig. 5 for the fiducial model.
Bfﬁ(ﬁ:g Cfi¢—z?f(|+|1+|2)Vﬁ1|2|-||1|2,
C. Cross spectra 12

The cross correlation between the lensing and delay cause 2 1,
modifications defined by B == 5 0mdl"+1-4)By, (43)
T"’d—J dk k¥ 1
b7 ) k27 21+1 Xf’s‘ﬁ:% Cf’i¢x|()2(}\N||1|2V||1|2Lﬁl|2-
1
X2 (OO + (00 +cc|. (39 . 1
m 2 XP'= = 5 O 121 -2)X,, (44)
The ®#9 terms are identically zero since
where
S LV Y™)YMEY™ (VY™ =V, >, (Y™ Y™ =0, 1+(—1)t 1- (-1t
4 Y)Y Y, iY) iz (YT izf‘b(L)Z[ ( )]Ef‘bi[ ( )]Bf’b. (45
(39) 2 2

by virtue of the addition theorem of spherical harmonics.Here
The first term reduces to

(2I1+1)(2I2+1)/I [P P
Vi, = A l2 0o -2/

(46)
T,¢d=2; CPTIWE | Ly, (40)
ve comes from the integral over the product of a spherical har-
Unlike the pure lensing and time delay contributions, there ignonic with 2 spin-2 spherical harmonics. As in the case of
no second canceling term. However as discussed in Sec. || #)e temperature power spectra, the main effect onQlte
TP is intrinsically small reflecting the lack of correlation and EE power spectra is a smoothing iy ~1'55. If there
betweenj, andj| (see Fig. 3. Nonetheless, its net contribu- Were an intrinsidBB power spectrum, the smoothing would
tion to temperature anisotropy power spectrum is still largelso apply. However, since scalar perturbations do not gen-
than the pure delay contribution, as a result of the largeerateBB modes in the primary polarizatiorBf°=0), the
amplitude and smaller coherence of the lensing-delay powegeneration ofB-polarization from the lensing modulation of

spectrumC? (see Fig. 5. the primary E-polarization dominate§12]. The amount of
generation is again related to the coherence s&;‘gleu of
IV. POLARIZATION POWER SPECTRA the effect as reflected in the difference between even and odd

L terms in Vi, Considering the triplet as forming a tri-
Evaluation of the lensing and delay effects on the polar-,

. d larizati ‘ Engle, even terms are associated with the cosine of twice the
ization and temperature-polarization cross power spectra fol- ening angle betweehand |,; odd terms are associated

lows precisely the same steps as that of the temperatu ith the sine of that anglgsee[22], Egs.(B8) and (B10)].

power spectrum C(_)nS|dered above. We can express the COPhese polarization contributions are shown in Fig. 6 for the
tributions schematically as fiducial model

EE_ 00 o £¢? dd, =d? $d
Cr=E"+(E"+E )+ (E["+E ) +E™, B. Delay spectra

CcBB= BI()O+(BI<ﬁ¢+B|<752)+(B|dd+ BIdZ)Jrqusd’ The derivation of the delay power spectra follows the
(42) same steps as those involved in the lensing derivation yield-
ing

2 2
CPE=XP4 (XP?+ XP7) + (X394 X3 + X9 y I ,
. . . E :; Cll +E|2(I+I1+|2)V“l|2,
We will now consider each term in turn. 12
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10 ¢ (a) @E—power Xdd= 2 Cddx JV\/” Vi,
10-2 | '1l2
cl\:llo‘13 ;— drm | . (49)
}10_“ 3 The results of summing these nearly canceling pairs for the
~10-15 fiducial model are shown in Fig. 6. BB-spectrum is gen-
: lensing ~ cross nnw\l'\lﬂp, erated out of the primarf E-spectrum but at an efficiency
=107 ¢ 7 PN \f\!\ | "l‘] that is substantially below that of gravitational lensing. The
10-17 _ /,/ ! udgg;erlying reason again is that the coherence of the effect
fo-ts L L 1172
// / C. Cross spectra
Lo-1 é—:(b:) :Elgli]:::;owler: e The cross spectra contributions are defined as
- EF=23 CA S+ +HVE Ly,
1079 i
K10-1 L
5'10-15 — :2% Cﬁdfzf)zl“ Jr|1+|2)Vﬁ1|2|—||1|2,
’flO““ L
Tlor e X4= 2 CPIOP+ XEW 1 Vi L,
10718 é— ve (50)
1070 |
| Figure 6 shows that the cross spectra dominate over the pure
T R e M N delay spectra for th® E and EE power spectra. In particu-
10~ 5—(0) BB- POWGT el \\ E lar, since the lensing effects themselves approach order unity
F el at1~1000, the lensing-delay cross effects reach0 * of
107k el E the primaryCPE power spectrum. While still small, the con-
& 1os i o ] tribution is of order the cosmic variance out to comparable
{ i multipoles.
il - .
= £ lensm& V. DELAY BISPECTRUM
Siowf -7 delay ] .
= E E Second order effects generally produce non-Gaussianity
s ] in the CMB temperature and polarization fields. Effects that
107 3 E provide a negligible change to the power spectrum can in
10_20; ] principle produce observable effects due to the expected
E Gaussianity of the primary anisotropies. Here we consider
10 100 1000 the three-point correlations induced by time-delay in angular
{ harmonic space, i.e. the bispectrum.

. . L The angle averaged bispectrum is defined as
FIG. 6. Delay, lensing and delay-lensitgoss contributions to 9 9 P

the CMB polarization power spectra for the fiduceaCDM model. L "

The delay-lensing cross contributions to the temperature- — gFF'F'— (FimF L, Fl ), (51)
polarization power spectrum reaches 0of the primary and/or 1 morny \Moomm” Hme m

lensing power. Delay effects only weakly generate power irBBe

spectrum. where theF’s can take on the value®, E, B for the tem-

perature and polarization components respectively. Since the
a2 derivation follows closely that of the lensing bispectra terms,
- _drm I ' (47 we refer the reader t[22] for detailed derivations.

A. Temperature

dd_ dd 11 2
B % Ciy -2t Vi, The temperature bispectrum produced by time delays fol-

lows immediately from the decomposition in EQ1)

de—drm I (48 |0|0|0 V2l +1IW COdT +5 perm,, (52
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FIG. 7. Delay-temperature cross correlation. The cross- gy g Signal-to-noise for detection of bispectra involving
correlation between the temperature and delay fields, as relevant f%’iavitational time-delay in an ideal cosmic-variance limited experi-
the bispectra, are dominated by contributions from the Sachs-Wolfg,ant.

(SW) effect with partially canceling contributions from the inte-

grated Sachs-Wolfe effe¢tSW). the cross-correlation between lensing and effects such as SZ

) ) _ can be detected with upcoming experiments, such as Pfanck.
where the permutations are with respect to ltredices and

B. Polarization

<®rmd|/m/>:5||/5mmlc|®d. (53) X . . i . L
Bispectrum terms involving the polarization follow simi-

larly. The non-vanishing contributions are

CRIXPH 2+ 1w X oCPe

2'1'3 1

Unlike lensing howeverC’? is not solely the result of cor-
relations with secondary anisotropies but includes relatively BE®O _ Ol 11V
large contributions from the primary anisotropies them- — 't'2ls 12Tl
selves. The delay field arises from potential fluctuations of +(lyela), (56)
sufficiently large scale that it is correlated with the Sachs-

Wolfe effect[23] in the primary anisotropies. To see this, let EEO _ AT 7

us approximate the primary anisotropies at large angles as B'l'z's_ 2|1+1V'1'3'2
the sum of Sachs-Wolf¢SW) and integrated Sachs-Wolfe

ELPCO+ (I 1,), (57)

(ISW) contributions for I, +1,+13;= even and
. 1 A o BPDD =iV20+1V) 1 COXY+ (1015),  (59)
O()~— 50(ran,) [ dy' 20073, m), (5 2 e
Brf3:i V2l + 1V|1|2|3E|120C|@;d , (59)

where the asterisk denotes evaluation at recombination. This
temperature field may be directly correlated with the delayior |, +1,+1,= odd. The signal-to-noise ratio in an ideal,
field in Eq. (6). The resulting power spectrum is shown in cosmic variance limited experiment is
Fig. 7. Note that the SW and ISW contributions cancel at the
lowest multipoles. Unlike the lensing-ISW correlati2], ) (BE99)2
the delay effects on the bispectrum do not vanish and indeed (§> ~ lalals (60)
increase a$) ,—0. N/coo 1iads 6CEECPOCPO’

To determine whether the contributions are detectable, we vz
evaluate the signal-to-noise ratio for an ideal cosmic variance

EEO \2
limited experiment S > (Bii,iy) o1
N ~| ol 6cEECEEC®®' ( )
2 eo 12 6C[CiCp)
( S) 2 Sl (55)
oo s 6CLECROCHT (S>2 ) (BRY))? (62
N/goo 1123 ZCFlBCF;@CF;@,

We show the cumulative signal-to-noise out to a given maxi-
mum | in Fig. 8. The time-delay temperature bispectrum is
not detectable even for an ideal experiment. This should be
compared with the lensing-temperature bispectrum, where'http://astro.estec.esa.nl/SA-general/Projects/Planck
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S\ 2 (BRI and lensing-inducedB-polarization power spectrum gener-
<_ ~ %;@@_ (63)  ated by lensing. For the temperature-polarization cross cor-
N/geo I2ls 2CP°CE7CP relation, the lensing-delay correlation effect approaches 10

and so is comparable to the cosmic variance on these scales.
In Fig. 8, we show the cumulative signal-to-noise ratio as arhis enhancement reflects the same efficiency with which
function of the maximumi. Features in the signal-to-noise lensing modulations affect the temperature-polarization cor-
curves mainly correspond to the noise contributed by theelation. It is therefore relevant in principle for the Planck
acoustic peaks in the temperature and polarization. Theatellite or any future experiment that expects to be cosmic
signal-to-noise ratio for th&8® 0O term is both larger and variance limited al =1000. In practice, there may well be
smoother than the others since we have assumedq‘?‘u%lt other more limiting sources of systematic errors such as ga-
vanishes for the primary anisotropies and is only generatetictic and extragalactic foregrounds.
by the lensing and delay effects. Nonetheless, the signal-to- For the bispectra, the time delay couples mainly with the
noise is substantially less than unity and so the time-delagpachs-Wolfe effect in the primary anisotropies. For a cosmic
effects are unlikely to be detectable in the bispectrum owariance limited experiment, the signal-to-noise is highest in
affect the extraction of other effects from the bispectrum. the B-temperature-temperature bispectrum since the
B-polarization vanishes for primary anisotropies from scalar
V1. DISCUSSION perturbations. In a realistic experiment, the low level of the
o ) . ) ~signal will make the cosmic variance limit difficult to
Gravitational time delays introduce a radial perturbationgchieve. In any case, the signal-to-noise ratios in the bispec-
in the mapping of the CMB temperature field at recombina+rg never exceed the 16 level for | ~1000 and hence are
tion onto temperature and polarization anisotropies todayynjikely to interfere with the extraction of signals in the
The effect is closely related to gravitational lensing WhiChbispectrum from secondary anisotropies by the next genera-
introduces angular perturbations in the same mapping. Dgjon of satelliteq 2].
spite 'Fhe fact that radial perturbations are only one order of The potential of cosmic microwave background anisotro-
magnitude smaller than angular perturbations, and MOreoVefies for studying cosmology is considered vast primarily be-
highly correlated with the angular perturbations, their effect.gse of the physical processes underlying their formation
on the power spectra and bispectra of the temperature ange thought to be understood to extraordinary precision rela-
polarization fields is approximately 3 orders of magnitudes;ye to other astrophysical systems. Though unlikely to affect
smaller. The underlying reason is that on the angular scalege next generation of experiments, small effects such as the
of the acoustic peaks neither effect actually generates neWyitational time delay considered here must be calculated

anisotropies; both induce a large scale modulation of theng included to ensure that this potential is realized.
primary field. Angular modulations produce a substantial ef-

fect due to angular structure in the acoustic peaks by smooth-
ing the power spectrum on the coherence sadle 30. Ra-
dial modulations produce much smaller effects due to the We thank Sean Carroll and Matias Zaldarriaga for useful
lack of radial structure in the perturbations that form thediscussions. W.H. is supported by the Keck Foundation, the
acoustic peaks. They also suffer from the fact that the anguSloan Foundation and NSF-9513835. A.R.C. acknowledges
lar coherence or smoothing scale of the radial modulation isinancial support from Don York and computational support
typically one order of magnitude largéd ~2. from John Carlstrom. We acknowledge the usec@BFAST

As a result, al ~1000, the delay and lensing-delay cor- [24] and the routine to generate spherical Bessel functions
relation effects ares 10~ of the temperatures-polarization ~ from Arthur Kosowsky.
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